A new Kinematic Simulation based modeling framework for the wind farm-PBL interactions is introduced. The framework allows for analysis of large wind farms under varying conditions of atmospheric stability (neutral to moderately stable). The effect of stable stratification on HAWT performance is investigated for the tandem turbine problem and results demonstrate significant impact on both power yield and structural damage. The modeling framework is intended to bridge the gap between existing data-driven models and high-fidelity LES to allow rapid design and optimization at farm scale.
within the framework. The tandem turbine problem is evaluated for two different stability classes, and the impact on both power and structural loading is discussed in Section 3. A popular wake mitigation strategy-Wake Skewing, is evaluated using the developed framework, and some interesting results are included in Section 4. Some further discussion regarding the computational cost of the framework and its applicability, is included in the conclusions.
Note that though, several "pragmatic" approaches to model wind farm wakes exist in literature ( [7] , [8] , [9] ), the recent trends in wind farm research have shown striking growth in farm scale LES studies, since they provide insight into the unsteady loading along with estimates of wake related power losses. However, the cost of LES is staggeringly high (see conclusions for further discussion). Furthermore, apart inaccuracy due to numerical dissipation associated with the schemes used for spatio-temporal discretization, the LES framework requires precise modeling of subgrid scales since most practical simulations of wind farms are implemented on relatively coarse grids. Herein, we propose a hybrid solution to the farm scale problem -combine the existing ideas for wake modeling with a Kinematic Simulation for homogeneous stratified shear flow, thereby allowing for estimation of unsteady loading.
II. The Sweeping based Kinematic Simulation approach
The cost associated with evaluating the structural response of the turbine rotor using an Actuator-Line approach is trivial when compared with the cost of the background LES. The Kinematic Simulation (KS) model developed in this paper entirely alleviates this computational cost by creation of a synthetic turbulent field to emulate the LES solution. The features of the KS model include:
• Ability to resolve a large range of scales : The second order spatial statistics are correctly modeled over several decades in wavespace (lengthscales from roughly 1 km to 0.1 m are fully resolved). This is due to the fact that wavenumbers are sampled log-linearly.
• Correct cross correlation : The ability to generate velocity fields obeying correct cross spectra is desired since the structural loading of turbine blades is directly correlated with the 3D structure of the incident wind.
• Temporal Decorrelation : The generalized random sweeping hypothesis used in this model allows for the generated stochastic fields to have correct spatio-temporal structure. By incorporating the sweeping effect between eddy length scales, the Elliptic model for space-time correlations proposed by He and Zhang [10] is recovered. Recent work by Wilczek, Stevens, and Meneveau (2014) [11] provides strong support for applicability of such a model for PBL turbulence.
• Predictive usage at varying levels of stratification: By coupling the KS with an appropriate Second Moment Closure (SMC) model, the need for recalibration of model is entirely removed thereby allowing usage in a predictive capacity.
• Farm Wake Deficits: The farm wake deficit is obtained by solving the axisymmetric thin-shear Navier Stokes equations downstream of every turbine location. An Ainslie-like [12] eddy viscosity closure with parameterization for atmospheric stratification is used, and the parabolic system of PDEs is evaluated numerically using the Crank-Nicholson scheme.
The velocity field at an arbitrary location is formulated as:
The first term ( u meanP BL ) on the right hand side of Eq. (1) can be evaluated using Monin-Obukhov Similarity theory. The evaluation of the second term ( u wake , a negative contribution) is discussed in subsection B of this Section. Evaluation of the third term u f luct is the primary contribution of this study and is discussed in subsection A.
A. KS for the stably stratified surface layer The subscript f luct in the term u f luct has been dropped hereafter for convenience. The fluctuating field is assumed to be spatially homogeneous and stationary (statistics vary weakly in time and space) which is consistent with the assumption of uniform shear and constant density gradient within the segment of the PBL incident on the HAWT ( Figure 1 ). As a generalization of sweeping models given by Kraichnan (1970) [13] and Fung et. al. (1992) [14] , we express the velocity field as summation of contribution of several length scale bins (Figure 2) . Since the velocity field contained is each bin is homogeneous in space, we can express it in terms of its Fourier series as:
where k mi = 2πm i /X i and we have assumed that the phase ω m is a function of k m . Following the generalized sweeping hypothesis (Figure 2 ), the "apparent displacement", ζ can now be obtained as:
The phase ω m represents the decorrelation within the Euler-Lagrange frame and can be modeled as:
where τ eddy ( k m ) is the tumbling time of the eddy with wave vector k m . The Fourier modes a m and b m are random and contain all the information regarding the anisotropy and spatial correlations of the generated synthetic turbulence. They can be obtained by seeking Rapid Distortion Theory (RDT) solutions to idealized problem illustrated in Figure (1) . Upon the RDT linearization, the governing equations for the fluctuating field in the Idealized problem are:
where Boussinesq assumption is used. The terms with the overbar (·) are the fields associated with the mean flow which is governed by the RANS equations. By seeking solutions to these governing equations in spectral space, the RDT equations (a set of ODEs) can be obtained and solved numerically. Following appropriate normalizations, the RDT equations corresponding to the idealized problem in Figure(1) are:
and
where Ri is the gradient Richardson number, andû i andρ are the spatial fourier transforms for u i and −gρ ρ0 respectively. Equations (10) and (11) form ODEs with respect to non-dimensional time, τ = t du1 dx3 . Thus one can express the Fourier coefficients in Equation (3) as solutions to Equation (10) . But this approach poses the following two issues:
1. The linearization of RDT assumes that the time scale of the mean flow is much smaller that the time scale of turbulence. This is an unrealistic assumption since the mean shears within the surface layer are not very large. Typical values of Sk/ε within the surface layer tend to be O(1).
2. The RDT solution grows (or decays) algebraically in time. But PBL turbulence at timescales in the order of minutes is approximately stationary.
As a solution to these issues Mann in 1994 ( [15] ) proposed the "Eddy Lifetime Hypothesis". His hypothesis can be expressed as follows: Isotropic Turbulence sheared in accordance to RDT through a unique scale dependent time (it's lifetime) represents surface layer well. This allowed him to propose a model for the velocity spectral tensor for neutral stratification (Ri = 0 andρ = 0) which corresponds to the exact analytical solution to Equation (10) given by Townsend (1970) ( [16] ). In fact it is obvious that the velocity field at time, t = 0 (frozen initial field) synthesized using Equation (2) for the case of neutral stratification is the KS equivalent of the box turbulence generated using the Mann model [17] . Mann's model uses the Taylor's frozen hypothesis in which the box turbulence is advected by a bulk velocity and this represents a first-order approximation to the iso-contours of space-time correlations. As was shown by He and Zhang (2006) ( [10] ), the sweeping hypothesis used in our model is a second order approximation to the iso-contours, a distinction that is of utmost relevance when posed in the context of the farm scale problem (as opposed to the turbine scale problem). This simple distinction is illustrated by plotting the correlation of velocities measured at two points; the second point located at varying downstream distances from the first point. The correlation coefficient plotted in Figure 3 is defined as the following ensemble average:
Following Mann (1994) [15] we use the following formulation for the eddy lifetime:
where we have assumed the von Karman TKE Spectrum for the initial isotropic turbulence. In the proposed model ε and L are obtained using Second Moment Closure (SMC) proposed by Cheng, Canuto and Howard (2002) [18] . In order to obtain complete consistency with the Mann model for the neutral case, the constant c 1 is set to 5.7. Further note that since the effect of stratification is entirely captured by ε and L (which are in turn determined using SMC), the model constant c 1 does not need to be recalibrated for different levels of stratification. When used in conjunction with SMC and Monin-Obukhov Similarity the KS can be entirely parameterized using three user inputs: 1) Friction velocity, u * , 2) Inverse Obukhov Length, L −1 0 and 3) Roughness length scale, z 0 . By matching the mean velocities at z = 60m, we demonstrate the effect of stable stratification on the synthesized surface layer turbulence. The mean velocity profiles and other details for the two cases are given in Figure (4) . The autospectra of longitudinal velocity fluctuations is intended to support the following claim -while the smaller scales are largely unaffected by stable stratification, the effect of atmospheric stability on the larger scales is non-trivial, and as a consequence will affect both structural loading and wake meandering in wind farms. This is emphasized further in Section 3 which studies the tandem turbine problem. The KS model predicts movement from rod-like to pancake-like turbulence for an increase in inverse Obukhov length which is shown by calculating invariants of the Reynolds stress tensor. Moreover, the variation in the anisotropy with height is more significant for the stable case than for the neutral case. Figure 5 . The autospectra of u velocity fluctuations. At high wavenumbers the spectra tend to stradle. While, the peak energy wavenumber increases with inverse Obukhov length, the peak energy decreases. [19] are also incorporated. The eddy viscosity is calculated as a function of downstream distance from the wake producing turbine as follows:
where D is the diameter of the wake producing turbine, u c is the wake centerline velocity, b is a measure of the wake width and constants F 1 , F 2 , k 1 and k amb are discussed in Madsen et. al. (2010) [21] . The ambient turbulence intensity, I 0 can be computed using the Fourier coefficients of the KS:
thereby ensuring consistency between the KS and wave model. The stability function φ m can be calculated following Hogstrom (1988) [22] . Figure 7 illustrates the tandem turbine problem and Figure 8 shows the power curve for the WindPact 1.5MW turbine chosen as part of this study. The two cases of stratification are the same as those considered in subsection 2A. The mean wind speed at hub height for both cases is chosen to be 10m/s, and the hub height of both turbines is assumed to be 60m. Note that this height was chosen for convenience and none of the results presented herein would change quantitatively for a different hub height as long as the velocity matching occurs at the hub height. The following three observations can be made using these results.
III. The Tandem Turbine problem -Effect of stable stratification
1. Power of the upstream turbine increases as the inverse Obukhov length increases. This is an expected result since the effective turbulence intensity in the neutral case (8.1%) is larger than that for the stable case (5.9%).
2. The effect of the wake is more detrimental in the stable case if Rotor power is the selected measure of performance. This follows from the fact that wake recovery becomes weaker as the inverse Obukhov length increases.
3. The variation in Rotor Power for the Neutral case is larger than that for the stable case. This distinction is particularly large for the upstream rotor. The difference is smaller in the downstream rotor since the primary source of uncertainty is caused by the shear generated by the wake and its meandering.
The differences in the rotor power can be explained by observing that the length scales of the coherent structures decrease with increase in stable stratification (also observed in Figure 5 ). The claims regarding the rotor power can be reinforced by studying time history of the rotor power for a single realization which is shown in Figure 10 .
The fatigue on the HAWT will be estimated by studying the loading on two turbine components -1) Blade 2 Root (Out-of-plane bending stress), and 2) Yaw Bearing (Roll moment). The spectra of fluctuations of these two quantities Figure 9 . Power Density Functions for the Rotor powers and wind speeds at hub height. For Turbine 1, the mean power is higher in the stable case (1279 kW) compared to the neutral case (1196 kW), and the coefficient of variation is significantly lower (0.018 for stable case and 0.105 for the neutral case). The coefficient of variation increases for Turbine 2 (0.269 for Neutral case and 0.252 for the stable case), presumably due to meandering and partial wake. Further note that the mean power produced by the second turbine decreases with increase in stable stratification (662 kW for the neutral case compared to 608 kW for the stable case). The correlation between power variation and length scale associated with the coherent structures in the incident velocity field is very evident by comparing the power PDFs with their respective velocity PDFs and horizontal angle of incident (yaw) Figure 10 . Time History of rotor power for the two turbines. The effect of larger coherent structures in the neutral case can be directly observed by noting the fluctuations in the rotor power. The effect of the wake is easily noticeable on the downstream turbine after roughly 40s -the time it takes for the wake to be advected downstream by the mean flow. Figure 11 . Power spectrum of the Blade 2 Root Out-of-plane moment. The first excitation frequency is decreased for the downstream turbine since it operates at a lower RPM, a consequence of reduced incident wind speed. The wake causes significantly higher low-frequency unsteady loading associated with the additional shear for both cases of atmospheric stability. Additional low frequency fluctuations are observed in the Neutral case due to presence of larger coherent structures. The higher peak strength of the first excited mode in the stable case is a consequence of larger shear in the mean profile. Figure 12 . Power spectrum of the Yaw Bearing roll moment. Again the effect of larger coherent structures is implied by the higher energy present in the lower frequencies for the Neutral case. Effect of the wake is detrimental and felt at most frequencies under 5Hz.
are plotted in Figures 11 and 12 respectively. Note that the information about the mean stresses is not included in these spectra (only fluctuations about the mean are considered).
Though the spectra provide useful information about the unsteady loading, any definitive conclusions regarding overall structural damage requires further analysis (rainflow counting and estimating EFL). However, EFL values do not allow for distinguishing the effect of mean shear from the effect of other coherent structures present in a realistic wind field incident on the rotor. In Figure ( 13) the power spectra of Blade 2 bending moment is provided for the upstream turbine under the two cases of stratification. As is evident from the mean profiles given in Figure (4) , the stable case contains a much stronger mean shear, which is expected to increase amplitude of the cycles in the blade bending moment. However, as is shown in Figure (13) , the larger coherent structures associated with neutrally stratified surface layer turbulence tend to entirely overwhelm the relieving effect of decreased mean shear, and one can expect an overall increased oscillatory loading.
However, any inference pertaining to fatigue, must consider the contribution of the mean loads along with the fluctuations, and the EFL values tabulated in Figure (14) are better indicators for overall structural damage. The value of Wohler coefficient used is 8, and the EFL values for all cases are normalized using the EFL value for Turbine 1 operating in a neutrally stratified surface layer. 
IV. The Tandem Turbine problem -Wake Skewing
The power deficit in the downstream turbine can be relieved by deliberately operating the upstream turbine at a misaligned yaw, in an attempt to skew its wake away from the downstream turbine. This is illustrated in Figure 15 . This technique has been analyzed by several researchers recently ( [25] , [26] , [27] ), and has incited a move towards farm scale optimization based on intelligent compromise. When coupled with an appropriate model for skewing (such as the one developed by Jimenez et. al. (2009) [25] ), the modeling framework discussed in this paper can be used to study the feasibility of this mitigation strategy in farm scale problem. The effect of wake skewing is quantified by evaluating the percentage increase in cumulative power of the tandem turbine system. The upstream turbine is realigned with the incoming wind so that the mean yaw is now 20 0 (as opposed to 0 0 as is seen in Figure 9c ).In order to study the impact of wake skewing at different speeds, we vary the friction velocity so that the mean velocity at hub height can be changed. For each value of the mean velocity at the hub height, 15 independent 12 minute realizations are obtained for both cases of stratification (parameterized using the same inverse Obukhov lengths that are used in Section 3). The percentage gains in cumulative performance are shown in Figure 16 . The error bars depict the standard deviation in 15 independent realizations of each case. Though an exact comparison between our case and that of Fleming et. al. (2013) ([27] ), cannot be made at this time due to differences in Turbine properties (we use WindPact 1.5MW turbines separated by 6.5D, they have used NREL 5MW turbine separated by 7D), we note that there is some qualitative agreement between the two case studies. It is easy to observe that the applicability of this method is greatly increased in situations of stable stratification. This is a consequence of two effects: 1) The deficit in power of the downstream turbine is higher in case of stable stratification, whereas the upstream turbine produces more power in the stable case than in the neutral case. Thus the intended performance redistribution occurs more efficiently in the stable case. Furthermore, the wake width at the downstream location is smaller in the stratified case, a consequence of decreased diffusion in the stable case; an effect well captured by the eddy viscosity closure given in Equation 14 (see Figure 17) . 2) Due to the decreased length scale of turbulence in the stable case, the excursions of the wake centerline due to meandering are significantly decreased in the stable case. In other words, the wake is more controllable.
The time series of Rotor Power shown in Figure 18 help illustrate these arguments. The beneficial effect of skewing is easily discernible in the stable case, whereas for the neutral case, this is not very apparent. However, for the neutral case, it can be shown statistically that the net power produced by skewing is roughly 5% higher when skewing is employed.
V. Conclusions
In this paper we have outlined an approach to model wake-PBL interactions within a Wind farm. By combining a Kinematic Simulation for the surface layer with some pre-validated models for the turbine aeroelasticity and far wake, the resulting modeling framework is sufficiently robust to facilitate preliminary design at farm scale. All the models discussed in this paper have been implemented as a framework of computationally inexpensive set of Fortran 90 libraries that use the MPI protocol for parallel execution. The code requires a minimum of 4 processors for execution with strong scaling upto 512 processors for the tandem turbine problem. Though this framework is intended for use on HPC systems, we note that its computational cost is significantly lower than competitive Large Eddy Simulations (LES). Cost comparisons between LES (Unstructured solver Openfoam-SOWFA) and the KS approach developed herein, are provided in Figure 19 . The cpu time estimate for LES is obtained using the test case discussed in Fleming et. al. (2013) [27] . The ability to synthesize turbulence that emulates a stably stratified surface layer is a non-trivial aspect of the KS model. The challenges associated with LES of stably stratified PBLs are well acknowledged ( [28] , [29] , [30] , [31] ), and severely limit the robustness of LES of wind farms in offshore environments. The steady state results obtained using LES of stably stratified PBLs tend to be highly sensitive to subgrid models and grid resolution.
The significant decrease in computational time of the KS-modeling framework comes at a cost! The primary assumption of homogeneity that is made to facilitate the use of RDT, ignores the kinematic blocking effect of the ground. Furthermore, as the conditions become increasingly stable, the surface layer assumption may not stay valid, especially for very large turbine rotors. Secondly, the superposition described in Equation 1, assumes that the wake shear is much higher than the shear in the mean velocity profile. This assumption may not remain valid and an alternate formulation may be required, especially for very large turbine rotors. A possible way to formulate the velocity is to seek modes for the larger scales through POD which would capture the inhomogeneity introduced by the wake shear. The smaller scales can then be synthesized using the KS discussed in this paper.
In conclusion, the KS model is an excellent tool for preliminary design at farm scale, testing of wake mitigation strategies, and optimization of the farm layout. It can also be used to design centralized master controllers that optimize the performance at farm scale.
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